On a class of explicit Cauchy-Stieltjes transforms 
related to monotone stable and free Poisson laws 



Octavio Arizmendi* 
Universitat des Saarlandes, FR 6.1— Mathematik, 
66123 Saarbriicken, Germany 

t-h ; 

^ ; Takahiro Hasebe^ 

bJQ! Graduate School of Science, Kyoto University, 

^ ■ Kyoto 606-8502, Japan 

i> : 

T— I . 

Abstract 

Oh ' We consider a class of probability measures //" r which have explicit Cauchy- 

. Stieltjes transforms. This class includes a symmetric beta distribution, a free Pois- 

son law and some beta distributions as special cases. Also, we identify free 
compound Poisson law with Levy measure a monotone a-stable law. This implies 
the free infinite divisibility of fi" 2 - Moreover, when symmetric or positive, ^ 2 nas 
\ a representation as the free multiplication of a free Poisson law and a monotone 

a-stable law. We also investigate the free infinite divisibility of //" r for r / 2. Spe- 
^ ■ cial cases include the beta distributions B(l — 1 + f ) which are freely infinitely 

t^J- . divisible if and only if 1 < r < 2. 
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X 1 Introduction 

.a; 

In random matrix theory, a Marchenko-Pastur law describes the asymptotic behavior of 
the spectrum of the so-called Wishart matrices [9]. In free probability, a Marchenko- 
Pastur (or free Poisson) law plays the role that a Poisson distribution does in probability 
theory: it is the limiting distribution of ((1 — jf)5o + jf5i) mN when iV — > oo. For this 
reason it is called a free Poisson law in the context of free probability. On the other hand, 
an arcsine law appears in probability theory as the law of the proportion of the time 
during which a Wiener process is non-negative. In non-commutative probability, or more 
specifically in monotone probability, an arcsine law plays the role of a Gaussian law [TT] . 
In particular, an arcsine law is a monotone stable law with stability index a = 2 [8]. 



* Supported by funds of R. Speicher from the Alfried Krupp von Bohlcn und Halbach Stiftung. E-mail: 
arizmendi@math.uni-sb.de 

^ Supported by Grant-in- Aid for JSPS Research Fellows. E-mail: hsb@kurims.kyoto-u.ac.jp 



1 



Arizmendi et al. [T] found an interplay between Mar chenko- Past ur and arcsine laws. 
They introduced a class FT A of freely infinitely divisible distributions whose Levy mea- 
sures are mixtures of a symmetric arcsine law. The building block of this class is a 
symmetric beta distribution 

b s (dx) = -^\x\- 1,2 (^ - \x\) 1/2 dx, - ^Ts < x < y/H. 
Try s 

The free Levy measure of b s coincides with an arcsine law. Moreover, h s is equal to the free 
multiplicative convolution of an arcsine law with a Marchenko-Pastur law, and hence, is 
freely infinitely divisible. Moreover, its Cauchy-Stieltjes transform (or Cauchy transform 
for short) can be calculated explicitly as 



c? 6 .(z) = -y-vi- vi -s*- 2 ), *>o. (i.i) 

This paper studies a class of Cauchy-Stieltjes (or Cauchy for short) transforms related 
to Marchenko-Pastur laws and monotone stable laws. We deform the above Cauchy 
transform ( II. ip to introduce a family of probability measures which include the symmetric 
beta distribution b s , Marchenko-Pastur and some beta distributions as special cases. More 
explicitly, for < a < 2, we define 

( \ _ (i _ cf—I^wA 1/a 
G a sr (z) = -r l l a i j z> J , r > 0, s E C\{0}. (1.2) 

The branches of powers have to be defined carefully and the precise definition is presented 
in Section [3J It can be shown that the function (11.21) defines the Cauchy transform of a 
probability measure /x" r for 1 < r < oo and (a, s) satisfying what we call an admissible 
condition. This condition is related to stable distributions. 
The reciprocal Cauchy transforms F^ r = j^r satisfy 

5 ^ s,r 

pa pa _ pa 
s,r us,u us,ur' 

We note that the same relation appears for probability measures introduced by Mlotkowski 
|10j . This relation enables us to calculate the inverse map explicitly: 

The inverse map of the reciprocal Cauchy transform, which is hard to calculate in general, 
is crucial to investigate free infinite divisibility. Therefore, the explicit form of (F" r ) _1 is 
quite useful and we can prove the free infinite divisibility of /i° r for some parameters. 

The probability measure /i° 2 turns out to be a free compound Poisson distribution 
with Levy measure a monotone a-stable law a"^ 4 . From Proposition 4 of [12], if symmetric 
or positive, /i" 2 coincides with the free multiplication of a Marchenko-Pastur law m and 
the monotone a-stable distribution a°, 4 : 

< i2 = mK< /4 . 

Moreover, fj,f r is freely infinitely divisible for other parameters, not only for r = 2. An in- 
teresting case of jig r is iJ_ lr which is a beta distribution with the density rsin ^ 7r A) x -i/r^ _ 
x) l l r on (0, 1). We prove that this is freely infinitely divisible if and only if 1 < r < 2. 
We also mention that, while an arcsine law is not freely infinitely divisible, some mono- 
tone stable laws are. This fact was implicitly proved by Biane in a different context; see 
Corollary 4.5 of [B]. 
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2 Preliminary results 



2.1 The Voiculescu transform and the /^-transform 

In this paper, C + and C_ respectively denote the upper half-plane and the lower half-plane 
of C. 

An additive free convolution fi EH v of compactly supported probability measures \x 
and v on R is the probability distribution of X + Y, where X and Y are self-adjoint 
free independent random variables with distributions // and u, respectively [H]. This 
convolution was extended to all probability measures in [5]. A probability measure \x on 
R is said to be EH-infinitely divisible if for any neN, there is \x n such that fi = fi^ n . 

For a probability measure \x on R, let us denote by G M the Cauchy transform and by 
F M its reciprocal: G>( z ) = J R and F^(z) = G ^ . Bercovici and Voiculescu [5] proved 
the existence of 77, rf > and M, M' > such that F M is univalent in := {z G C + : 
Imz > M, \lmz\ > r]\Rez\} and T n ^M> C F^r^A/). The Voiculescu transform M is 
defined in T^m' to be F~ l (z) — z. The free convolution \x EH z/ is characterized by 

in r^/^f// for some r]",M" > 0. R^z) := z^^-) is called an /^-transform. A probability 
measure /1 is EH-infinitely divisible if and only if M is the restriction of an analytic map 
from C + into C_ UR [5J . This is also equivalent to the Levy-Khintchine type representation 

Rjz) = cz + az 2 + I (— — 1 - xzln x \ <1} (x)) u(dx), (2.1) 

for some c G R, a > and a non-negative measure 1/ satisfying ^({0}) = and j R min{l, x 2 }u(dx) < 
00. We call v the Levy measure of /1. 

The analogue of compound Poisson distributions is important in this paper. 

Definition 2.1. A probability measure \x is said to be free compound Poisson if C^z) = 
\ip u (z) for a probability measure v with ^({0}) = and an A > 0. In this case, \v 
coincides with the Levy measure of \x. 

The most important free compound Poisson measure is the Mar chenko- Past ur law m 
whose /^-transform is R m {z) = y^. m is also characterized by S m (z) = -— -j- in terms of 
the ^-transform explained below. 

2.2 The ^-transform 

A multiplicative free convolution IE for probability measures on [0, 00) was investigated 
in [T5| 15]. This convolution corresponds to the probability distribution of X 1//2 W 1//2 , or 
equivalently Y 1 ' 2 XY 1 ' 2 , where X and Y are positive, self-adjoint and free independent 
random variables. This convolution is characterized by S'-transforms defined as follows. 
For a probability measure \i on R, we let il>p(z) := L ^-^{dx). ip^ coincides with a 
moment generating function if \x has finite moments of all orders. In [2]. /.' /t was proved 
to be univalent in the left half-plane iC+ for a probability measure fi on [0, 00) with 
/i({0}) < 1. Moreover, ip IJi (iC + ) contains the interval (1 — /i({0}),0). Then a map 
Xn '■ i/j fl (iC + ) —> iC + is defined by the inverse of ip^. The ^-transform is defined as 

^):=i±i XA4 (^) s ze^(iC + ). (2.2) 
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Using the S-transform, fi M v is characterized as 

S^mu(z) = S^{z)S v {z) (2.3) 

in a common domain including an interval of the form (—£, 0). 

More generally, a multiplicative convolution \i IE v can be defined if /i or v is supported 
on [0, oo). While (I2.3P is expected to hold also in this case, it is not known whether an S'- 
transform can be defined for every probability measure. As a partial solution, Arizmendi 
and Perez-Abreu defined an S'-transform of a symmetric probability measure as follows. 
For a symmetric distribution fi ^ 5 , there is a unique probability distribution /i 2 ^ 5 
on [0, oo) such that ip^z) = ip^^z 2 ) for z G C+. Using a property of if)^, we can 
conclude that ip^ is univalent in EI := {z G C + : Imz > |Rez|}. Moreover, WO^O 
contains the interval (1 — /x({0}),0). Therefore, we can define Xn — V^ 1 : Vv(^) ~~ ^ ^ 
and Sfj,(z) := ^-^xjyz). Then (12. 3 p still holds if /x or z/ is symmetric and the other is 
supported on [0, oo). 



3 Probability measures jj," 



Let r>0, 2 > a > and s G C\{0}. For any rj > 0, we will find an M > such that 
the function ^ 

G? fr (z) = -r 1 /" ^~ (1 ~' ( ~- )a)1/r j (3.1) 

is defined as an analytic map in T Vt M- To make the definition precise, we take branches 
of powers z 1 /", z x l T and z a as follows: 

(1) z x l a and z a are respectively defined as e^ log( - 1 '> z and e" 108 ^) 2 in C\[0, oo), where 
log(!) denotes a logarithm satisfying Im(logn) 2) G (0, 27r); 

(2) z 1//r is defined to be e^ log ( 2 ) 2 in C\(— 00, 0], where log( 2 ) is a logarithm satisfying 
Im(log (2) z) G (— 7r,7r). 

We show that these branches enable us to define G% r as an analytic function in T Vj m 
for an M > depending on 77 > 0. Under the definition (2), the function (1 + w) 1 ^ is 
equal to the generalized binomial expansion Ysn=o i/rC n w n for |iu| < 1, where i/ r C n is the 
generalized binomial coefficient 1 / r ( 1 / r ~ 1 )^( 1 / T '~"+ 1 ) _ Therefore, for z G C + with large \z\, 

the function can be written as 

s 

^U-st-W riY^^flf- 1 '", (3 ,) 

' 71=1 ^ ' 

where {—\) na is defined by ((— \) a } n ■ For any rj > 0, there is an M > such that the 

image of the map T V>M 324 (— Y^=i 1/rCn^ 1 ( — -) " 1 ° is contained in the sector 
{z G C\{0} : argz G (0, air)}. Therefore, we can take the power of f l3.2j) by 1/a and G™ r 
is well-defined as an analytic map in T Vj m- 
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We note that G^ r (z) can be expanded in a series regarding (— j) a : 

(n-l)cA Va 



z 

1/a 



(3.3) 



for some complex coefficients c n (a,s,r) with Cq = 1. In the second line, we used the 
formula {{-\Y (1 + o(f/^))) 1/Q = + o{\/ z)) l / a . This formula is valid in I\ M if the 
function (1 + o{l/z)) l ^ a is understood to be the generalized binomial expansion. 

Let us define F£ (z) := r , c , 1 , ; for z £ T„m, where M > is large enough depending 

on (77, a, s, r). Then we have the following. 

Theorem 3.1. Let r,u > 0, 2 > a > and s £ C\{0}. Then for any rj > 



p a o F" = F Q 

s,r ns,n us,ur 

holds in F Vt M with some M > 0. 

Proo/. We note that (-G£ SiU (») Q is equal to Mi-^-in 1 '" in T vM with large M > 0. 
Also, we note that ((1 + w) 1 ^) 1 ^ = (1 + u/) 1 / (r ") for small \w\. Then 

. r l/a |' l-(l-^(-g^)) a ) 1/r Y /Q = _ (ur)1/a ( l-(l-Us(-lr)^ 

US 

for z £ r^ jA /. □ 

Under further conditions on (r, a, s), the function r is well-defined in C + with values 
in C_, and therefore defines a probability measure. 

Theorem 3.2. Suppose 1 < r < oo ; < a < 2 and s £ C\{0}. T/ien G" r is £/&e Cauchy 
transform of a probability measure if either of the following conditions is satisfied: 

(1) < a < 1 and (1 — a)TT < args < 717 

^) 1< a < 2 and < arg s < (2 - a)vr. 
If(a,s) satisfies (1) or (2), it is said to be admissible. We denote by the probability 
measure corresponding to G" r . 

Proof. Let r > 1. We can immediately check that zG^ r (z) — )■ 1 as z — >■ 00, z £ C + , non 
tangentially. Therefore, what needs to be proved is that G" r analytically maps the upper 
half-plane to the lower half-plane. 

We first focus on the case < a < 1 and 9 := arg s £ [ir(l — a), 71"]. Then the image 

1— (1— s(— - ) Q ) 1 / r 

of the map 2 in C + can be described as in Fig. H] after some steps shown in 

1— (1— s(— -) a ) 1 / r 

Figs. [TH31 We can see that the image of the map — 2 is contained in the sector 

{z £ C : < arg z < air}. This implies the desired conclusion. 
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In the case 1 < a < 2, we draw similar pictures; see Fig. [5HEJ In Fig. [5J the image of 

1— (1— s(— l-) a ) 1 / r 

is contained in the sector {z G C : < argz < an}. Therefore, the image 

of the map ( J is contained in C+. □ 

Remark 3.3. (i) We have /i" 1 = 6q f° r an y admissible (a, s). Therefore, the right inverse 
of F^ r can be calculated as (F s a r ) _1 = Ff, y r from Theorem 13.11 

(ii) From the relation (-F" r ) _1 = F™/ rl / r , we can conclude that G° r does not define a 
probability measure for < r < 1 and admissible (a, s). 

(iii) The admissible condition is related to monotone stable distributions as mentioned 
in the next section. 



4 A relation to monotone stable and free Poisson 
laws 

Let a" be a monotone a-stable distribution [8] characterized by 

F a? (z) = (z a + (-ir- 1 s) 1 / a , zeC + , 

where (a, s) satisfies the admissible condition. a 2 s is the centered arcsine law with variance 
s/2 and al is a Cauchy distribution or a delta measure. The following properties are 
valuable to note here. 

(1) a" is supported on [0, oo) if and only if < a < 1 and args = tt. 

(2) a" is symmetric if and only if args = (1 — ^)-7r. 

(3) Both a 1 ^ and are free ^-stable distributions on [0, oo), but not strictly stable. 

The main theorem of this section is the following. 

Theorem 4.1. /i" 2 is a f ree compound Poisson distribution for any admissible (a,s). 
Moreover, its Levy measure z/" 2 is given by the monotone stable distribution gQ 4 . 

Proof. Thanks to Proposition 4 of [12], it suffices to prove that R® 2 (z) = ip a a (z), or 
equivalently, 4>" 2 ( z ) = z2 G a ° /4 {z) — z , in an open set of the form T Vt M- 

As in f)3.3p . a naive relation (zw) a = z a w a may not be valid. To avoid this problem, we 
understand that (l — | (— °, appearing below, is defined by using the generalized 
binomial expansion (1 + w) l ^ a = J2^=o i/aC n w n for |iu| < 1. Then for any 77 > 0, the 
following calculation is correct in T Vj m with large M > 0: 
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Figure 1: The image of 



Figure 2: The image of 1 — s(—^) a . L\ and 
L2 are half lines contained in the upper half- 
plane and the lower half-plane, respectively. 
L_ 3 and L_ 4 are preimages of L 3 and L 4 of 
Fig. E]for the map z t— > z 1//r , respectively. 



Li s 





Figure 3: The image of (1 - s{-\) a ) 1/r . 9\ i_ (1 _ s( _ i )Q) i/r 

and 6 2 are defined by 6 X = and Fi S ure 4: The ima S e of r* which 

Q 2 = *=$, Ll and L2 are the sam e half lines can be obtained from the rotation and the 
as in Fig. m L 3 and L 4 are starting at 0. translation of Fig. EJ Z^ is tangent to L and 
Zx is tangent to L x at 1 since z 1 /' is a con- ^ ^ tangent to the z axis at 0. 
formal mapping. Moreover, it approaches L 3 
asymptotically. l 2 is tangent to L 2 at 1 from 
the same reason and approaches L 4 asymp- 
totically. 





Figure 5: The image of ( — 



Figure 6: The image of 1 — s(— ^) a . L\ and 
L 2 are half lines starting at 1. L_3 and L_ 4 
are preimages of L 3 and L 4 of Fig. [7] for the 
map z 1 — y z 1 ^, respectively. 
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Figure 7: The image of (1 - s(-- z ) a ) 1/r . Q x i-(i- s (- 

and 6 2 are defined by 9 1 = and 6 2 = Fi S ure 8: The ima S e of r" which 

n(a-i)+e t at u if r can be obtained from the rotation and the 
— . L\ and L 2 are the same halt lines 

• r P - m r A T 4. +• 4. n translation of Fig. is tangent to the x 

as m rig. |6J L 3 and L 4 are starting at U. to 1 to 

; • , 4. 4. r 4. i j ur axis and U is tangent to L at 0. 

ii is tangent to Lx at 1 and approaches L 3 z to 

asymptotically. / 2 is tangent to L 2 at 1 and 

approaches L 4 asymptotically. 



Therefore, 

z 2 G a a (z) — z — —, z. 

(i-lH)t /a 

On the other hand, the Voiculescu transform of /i" 2 is given as 



(*) = ^/2.1/ 2 (*) - * 



y s,2W ~~ - 1 s/2,1/2 

1 

— Z 



l-(l-f(-i)« 



1/a 



— Z 



(H) Q (i - !H) a )) 



1/a 



1/a 



(i-!H) a ) 

in r„ Af- Therefore, we have proved <fis 2 (z) = z 2 G a a . (z) — z. □ 

' i s 1 4 

With Proposition 4 of [T2] . the above result implies /i" 2 = mKa^ 4 if /i" 2 and a"/ 4 are 
symmetric or supported on [0, oo). We do not know if this holds for any admissible pair 
(a, s) since ^-transforms are not defined for probability measures which are not symmetric 
or supported on [0, oo). 

Theorem 4.2. Let (a, s) satisfy either of the following conditions: < a < 1 and 
arg s G {(1 — a/2)ir, tt}; 1 < a < 2 and arg s = (1 — a/2)-K. Then /i" 2 — mM a"^ 4 . 

Example 4.3. In general, the density of /i" 2 is difficult to calculate. In some cases, 
however, the density is explicit as we show below. 
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(1) Let us consider (a,s,r) = (1,2,2). Then n\ 2 is the free multiplicative convolution 
of the Marchenko-Pastur law and a symmetric Cauchy distribution. This is absolutely 
continuous with a strictly positive density on R written as 



7T \ V V X 2 



^|J 1+ ,/ 1 + l_V2 



We mention that this probability measure has complex moments [?]. 

(2) Let (a, s, r) be (|, —1, 2). Then the corresponding probability measure is supported 
on [0, oo) with a density 



7T I V2x V V x 

(3) As shown in [Tj , /z 2 2 for s > is a symmetric beta distribution: 

^\ 2 {dx) = — ^=|a;| _1 / 2 (\/s — la;!) 1 ^ 2 ^, — \/s < x < 

In addition to /i" 2; some monotone stable distributions are also ffl-infinitely divisible. 
This property was essentially proved by Biane [B]. 

Proposition 4.4. a" zs ^-infinitely divisible if and only if (a, s) satisfies either of the 
following conditions: | < a < 1 and args G {(1 — 01)71", n}; a — I. 

In fact, Biane considered only special values for args, but the same proof can be 
applied to the above result. 

Finally, we note the S'-transforms of /i" 2 an d a"- 

Proposition 4.5. Let (a, s) satisfy either of the following conditions: < a < 1 and 
args G {(1 — a/2)n, tt}; 1 < a < 2 and arg s = (1 — a/2)-K. Then 

(i)s a ,{z) = -\(^r^) 1/a , ze (-1,0), 

W ^(z) = (Ci±f^) 1/Q = S m (z)5 tt . 4 (z), z G (-1,0). 

Proof. The Voiculescu transform <p a a can be calculated as 4> a a(w) = F~ a (w) —w= (w a + 
(— l)"^) 1 /" — w. Let us define z := R a a(w) = w0 a a(— ), then (1 + z) Q = 1 + s(— w) a . Since 
R a a (zS a f (z)) = z holds, the desired formula follows. A similar calculation is possible for 

tfl □ 



5 More on free infinite divisibility of /i" r 

In the previous section, we proved that n" r is ffl-infinitely divisible whenever r = 2. In this 
section we will determine infinite divisibility for r / 2. The general case is too difficult 
to treat, so that we only consider the problem for some parameters. The main results of 
this section are the following. 

(1) If < a < 1 and 1 < r < 2, then fj,f r is ffl-infinitely divisible. 
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(2) If 1 < a < 2 and 1 < r < ^, then /i" r is EB-infinitely divisible. 

(3) fil 3 is ffl- infinitely divisible if and only if args = |. 

(4) If a > 1, there exists an ro = ro(a, s) > 1 such that /x" r is not ffl-infinitely divisible 
for r > r . 

We also show that some beta distributions are ffl-infinitely divisible, and some are not. 
5.1 The case 1 < r < 2 

To prove the free infinite divisibility of /i" r , we introduce a subclass of ffl-infinitely divisible 
distributions. 

Definition 5.1. A probability measure /i is said to be in class XU if is univalent in 
C + and, moreover, F~ l has an analytic continuation from F IM (C+) to C + as a univalent 
function. 

The following property was implicitly used in [3]. 
Proposition 5.2. fi G XU implies that /i is ^-infinitely divisible. 

Proof. The Voiculescu transform M has an analytic continuation to C + defined by F^ 1 ^) — 
z. If there existed a point z G C + such that Im0 M (2 o ) > 0, then ImF^izo) = 
Im(z + 0^(-2o)) > Im2 > 0. Since ImF M (w) > Imw for w G C + , ImF" 1 ^) < Imz 
for z G i^(C + ). Therefore, never belongs to F^(C + ). However, since F" 1 is univalent 
in C + and F~ 1 (F /J (C+)) = C+, zq must satisfy ImF" 1 ^) < 0, which contradicts the 
inequality ImF" 1 ^) > 0. Therefore, M maps C + into C_ Ul. □ 

For instance, the normal law -^=e~ x2 l 2 dx is in XU from the result of [3]. Moreover, we 
can easily prove that Wigner's semicircle law, the Mar chenko- Past ur law and the Cauchy 
distribution belong to XU. 

XU is closed under the weak topology. This is proved as follows. The convergence 
of \x n implies the local uniform convergence of the Voiculescu transforms Mn [5]. Since 
F~^{z) = z + 4>n n {z) converges locally uniformly, the limit function is univalent. Also F^ n 
itself converges to a univalent function. Therefore the limit measure belongs to the class 
XU. 

We note that XU ^ XP(ffl). For instance, let \i be a probability measure characterized 
by the Voiculescu transform <j>n(z) = — [ + jzx- Then F~ 1 (z) = z + cp^z) = z + j^j + j+i- 
We can find two distinct points zi, z 2 such that F~ 1 (zi) = F~ 1 (z2) with z\ = iy for small 
y > and z 2 near to i. This example also proves that XU is not closed under the free 
convolution. 

Theorem 5.3. We assume either of the following: (1) < a < 1 and 1 < r < 2; (2) 
1< a < 2 and 1< r < ^. T/ien u?_ G XW. 

— — — — a A~s,r 

Proof. The explicit formula for (i 71 s a r )~ 1 (2) is 

1 
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1— (1— — (— i) a ) r 

Let us define 9 := args and E^ r (z) := — - . First we consider 1 < a < 2. Since 

the image of the function 1 — - -) a for z G C + is contained in the sector {z e C : z ^ 
0, — (n — 6) < argz < — (n — 6) + cot}, one can easily see that Ef r (C + ) c contains a half 
line starting from 0. In particular, Ef r is univalent in C + . Therefore, we can take that 
line as a slit for the function z (->■ z 1 ^ 01 , which then becomes univalent outside the slit. 

Let us focus on the case < a < 1. If 1 < r < 2, one can prove that E£ r (C+) is 
contained in a sector with central angle rait and therefore Ef r is univalent in C+. Since 
ran < 2an, the map z h-> z 1 /" can be defined as a univalent map in that sector. □ 

We take a = 1 and s = — 1 as a special case. Then fj}_ lr is the beta distribution 
£(l-±,l + ±) for 1 <r < oo: 

l t , rsin(7r/r) _ 1/r/l u/r , 
// lr (dx) = ^^a; i/T (1 - a;) i/r Gfe, < x < 1. 

7T 

A consequence of Theorem 15.31 is that the beta distribution 5(1 — -, 1 + -) is ffl-infinitely 
divisible for 1 < r < 2. More strongly, we can prove the following. 

Theorem 5.4. The beta distribution B{1 — -, 1 + -) (1 < r < oo) is ^-infinitely divisible 
if and only if 1 < r < 2. TTie Lew?/ measure v\ x r for 1 < r < 2 can 6e calculated as 

x |sin(r7r)| x r ~ 2 {l/r — x) r 1 

7T (1/r — x) zr — 2x r (l/r — xy cos(r7r) + x zr r 

Proof. (F^j,) -1 is calculated as 

If r > 2, the function 1 — (l — ^L) r enjoys a zero point in the upper half-plane, so that 
(Fl lr ) _1 never be defined as an analytic function. The Levy measure can be calcu- 
lated by using the Stieltjes inversion formula for the Voiculescu transform 4> l _ lr {z) = 

(i-(i-i)T 1 -*- □ 



If s = Re ld is not real, the support of fi l sr is unbounded. The density for large \x\ can 
be calculated as 

i i / 7 \ r f V r \ -R n sin(n#) 

n=l ^ ' 

In particular, /i* has complex moments [7]. 



5.2 The case a = 1, r = 3 

In Subsection 15. 1[ the free infinite divisibility of /x" r was proved for some parameters in 
terms of the class TU. In Section [3], we succeeded in proving the free infinite divisibility 
of fig 2 since the Voiculescu transform had an explicit form. For other parameters, it is 
difficult to investigate the free infinite divisibility. A possible case is for a = 1 and r = 3. 
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In this case, the Voiculescu transform has an explicit form as in the case r = 2 and 
EE-infinite divisibility can be determined completely. Indeed, the Voiculescu transform is 

x , . —3s — 3sz 2 — s 2 z 

( P^) = I _ (1 + s/z)3 - * = 3z 2 + 3zs + s 2- 

In contrast to the case r = 2, infinite divisibility depends on the parameter s if r = 3. 

Theorem 5.5. fi] 3 is ^-infinitely divisible if and only if sags = |. The Levy measure 
u 3i,3 f or ^h,3 can be calculated as 

9x 



3i ' 3V 1 tt(9x 4 + 3x 2 + 1) 



Proof. Note that the role of the parameter \s\ is just a dilation. So let us consider s = e ld 
for simplicity. After some calculations, we get 

n , , 9x 4 sin 9 + 3x 3 sin 29 
lm^ 3 (x + l 0) = - l3x2 + 3xs + s2]2 • 

Therefore, if 9 ^ 0, ir, f , we can find a point x G R such that Im0 3Si3 (x o + i0) > 0. If 
9 = 7r, we can calculate 

Im^ 1 (x I it/)- ^N 2 + 6 ("- 1 / 2 ) 2 - 1 / 2 ] 

and therefore 3Si3 takes a positive value at a point. By symmetry, also 3j3 can take a 
positive value. Therefore, /i 3Si3 is not EB-infinitely divisible for 9 ^ f . 
For = |, it is not difficult to see 

(1 , , 9x 4 + 18a; 2 ?/ 2 + % 4 + 12x 2 y + 12y 3 + 6y 2 + y 
W 3li3 (* + ,y) = | 3a ; 2 + 3x S + S 2 | 2 < °' 

implying that /i 3i 3 is EB-infinitely divisible. The Levy measure of /i 3i 3 can be calculated 
directly from the Stieltjes inversion formula. □ 



5.3 Non infinite divisibility for 1 < a < 2 and large r 

We prove the following. 

Proposition 5.6. For a > 1 and sags G [0, (2 — a)it], there exists an r = r (a, s) > 1 
such that r is not ^-infinitely divisible for r > r . 

Proof. Let 9 := args. It is sufficient to find a zero point of the function Ef r (z) := 

1L j-^ . The function 1 — -( — ) a maps C + to a shifted sector (1 := {z 6 C : z / 

0, -{ji-9) < arg(z-l) < -(ir-9) + an}. If a > 1, Q and the unit circle G C : |z| = 1} 
have intersection which is an arc with an end point 1. Let us denote by (p G (— 7r, tt)\{0} 
the angle of the other end point of that arc. We can take r (a, s) to be pr . □ 



12 



Acknowledgement 



This work was initiated during the authors' visit to CIMAT, thanks to the hospitality of 
Professor Victor Perez-Abreu, who also suggested many improvements of the paper. TH 
is supported by Grant-in-Aid for JSPS Research Fellows (21-5106) and by Global COE 
program at Kyoto University. 



References 

[1] O. Arizmendi, O.E. Barndorff-Nielsen and V. Perez-Abreu, On free and classical 
type G distributions, Braz. J. Probab. Stat. 24, No. 2 (2010), 106-127. 

[2] O. Arizmendi and V. Perez-Abreu, The S'-transform of symmetric probability mea- 
sures with unbounded supports, Proc. Amer. Math. Soc. 137 (2009), 3057-3066. 

[3] S.T. Belinschi, M. Bozejko, F. Lehner and R. Speicher, The normal distribution is 
ffl-infinitely divisible, Adv. Math. 226, No. 4 (2011), 3677-3698. 

[4] H. Bercovici and V. Pata, Stable laws and domains of attraction in free probability 
theory (with an appendix by Philippe Biane), Ann. of Math. (2) 149, No. 3 (1999), 
1023-1060. 

[5] H. Bercovici and D. Voiculescu, Free convolution of measures with unbounded sup- 
port, Indiana Univ. Math. J. 42, No. 3 (1993), 733-773. 

[6] Ph. Biane, Processes with free increments, Math. Z. 227 (1998), 143-174. 

[7] T. Hasebe, Analytic continuations of Fourier and Stieltjes transforms and general- 
ized moments of probability measures, J. Theoret. Probab., to appear. 

[8] T. Hasebe, Monotone convolution and monotone infinite divisibility from complex 
analytic viewpoint, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 13, No. 1 
(2010), 111-131. 

[9] V.A. Marchenko and L.A. Pastur, Distribution of eigenvalues for some sets of ran- 
dom matrices, Mathematics Sbornik 72 (1967), 507-536. 

[10] W. Mlotkowski, Fuss-Catalan numbers in noncommutative probability, Doc. Math. 
15 (2010), 939-955. 

[11] N. Muraki, Monotonic independence, monotonic central limit theorem and mono- 
tonic law of small numbers, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 4 
(2001), 39-58. 

[12] V. Perez-Abreu and N. Sakuma, Free infinite divisibility of free multiplicative mix- 
tures of the Wigner distributions, J. Theoret. Probab., to appear. 

[13] R. Speicher and R. Woroudi, Boolean convolution, in Free Probability Theory, 
Ed. D. Voiculescu, Fields Inst. Commun. 12 (Amer. Math. Soc, 1997), 267-280. 

[14] D. Voiculescu, Addition of certain non-commutative random variables, J. Funct. 
Anal. 66 (1986), 323-346. 



13 



[15] D. Voiculescu, Multiplication of certain noncommuting random variables, J. Oper- 
ator Theory 18 (1987), 223-235. 



14 



